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ABSTRACT

We introducea techniqueto visualize the gradualevolutionary
changeof the shapesof living thingsasa morphbetweenknown
three-dimensionalshapes. Given geometriccomputermodelsof
anatomicalshapesfor somecollection of specimens- here the
skulls of the someof the extant membersof a family of monkeys
- anevolutionarytreefor thegroupimpliesa hypothesisaboutthe
way in which the shapechangedthroughtime. We usea statisti-
calmodelwhichexpressesthevalueof somecontinuousvariableat
an internalpoint in the treeasa weightedaverageof thevaluesat
theleaves.Theframework of geometricmorphometricscanthenbe
usedto de�ne ashape-space,basedonthecorrespondencesof land-
markpointson thesurfaces,within which theseweightedaverages
canberealizedasactualsurfaces.

Oursoftwareprovidestoolsfor performingandvisualizingsuchan
analysisin threedimensions.Beginningwith laserrangescansof
crania,we useour landmarkeditor to interactively placelandmark
pointson thesurface.Weusetheseto computea “tree-morph”that
smoothlyinterpolatestheshapesacrossthetree.Eachintermediate
shapein the morphis a linearcombinationof all of the input sur-
faces.Wecreateasurfacemodelfor anintermediateshapebywarp-
ing all theinputmeshestowardsthecorrectshapeandthenblending
themtogether. To do theblending,wecomputeaweightedaverage
of their associatedtrivariatedistancefunctionsandthenextract a
surfacefrom theresultingfunction. We implementthis ideausing
thesquareddistancefunction,ratherthantheusualsigneddistance
function,in anovel way.
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1 I NTRODUCTI ON

Darwin's theoryof evolutionwasoriginally appliedusingmorphol-
ogy - discretequalitative featuressuchasnumberof toes,andalso
quantitative shapedifferences,suchas elongation of a limb - to
placespecieswithin thetreeof life. While genomicsequencedata
is now thebasisof mostphylogenies(evolutionarytrees),morphol-
ogy continuesto beanessentialpartof evolutionarybiology. One
importantreasonis thatthemorphologyof fossils,ratherthancom-
parisonsbetweengenomicdata,providesour only directevidence
for extinct species.

For instance,the shapeof the skull is very importantin the study
of humanevolution, and that of our primaterelations. Quantita-
tive differences,suchasshapeof the brow ridge, areessentialin
de�ning the criteria for comparisonbetweenskulls. The ideathat
quantitativeshapedifferencescanbeanalyzedin termsof thetrans-
formationsrequiredto “morph” oneshapeinto anothergoesback
at leastto d'Arcy Thompson's classic1917book On Growth and
Form[24], from whichFigure1 is taken.

Figure 1: Spatial relationship between human, chimpanzee,and ba-
boon skull, as envisionedby d'Arcy Thompson in 1917. The overall
shape is recognizably similar, and the transformation between them
describes the shape di�erence. In modern morphometric studies,
the statistical analysisof the transformation is basedon a matrix of
selected landmark points from the surfaces, while warps of the em-
bedding space, which are illustrated here, are more often used for
visualization of the results.

The statisticalanalysisof geometricshapetransformationsis the
programof geometricmorphometrics. In additionto evolutionary
biology, morphometrictechniquesareusedwidely in developmen-
tal biology, medicalimageanalysis,andotherareas.Morphomet-
rics de�nes “shapespaces”basedon setsof homologoussetsof
landmarkpointson theinput objects.Thespacesin which statisti-
cal analysisis generallydonearelinearspacesspanningthe input



shapes,so that the interpolatingshapesin thespace,suchasthose
weusehere,arelinearcombinationsof theinputshapes.

Using morphometrics,we have implementeda three-dimensional
“tree-morph” visualizing the evolutionary changesimplied by a
givenevolutionarytree. Surfacemeshescapturedby a laserrange
scannerfrom cranialspecimensfor extant(living) speciesappearat
theleaves.Theinteriornodesandinteriorpointsof theedgesof the
evolutionarytreecorrespondto hypotheticalancestorspecies.We
realizetheseby computingsyntheticsurfacemeshesfor theshapes
at theinternalnodesandat a densesetof pointssampledalongthe
treeedges.We thenvisualizethemorphby displayingtheprecom-
putedmeshesinteractively, by sliding a cursoralongtreeedges,or
asananimation.

This speci�c projectwaschosento drive thedevelopmentof com-
putertools for three-dimensionalmorphometricanalysisandvisu-
alization. Our aim is to usevisualizationand interactive tools to
supportthe kind of morphometricanalysisthat is currently done
in paleontologyandotherbiologicaldisciplines,producingimages
which re�ect the users'existing theoriesaboutshapetransforma-
tion andwhich arethereforeperceived ascredibleandrelevant to
thescience.We do not proposein this initial projectto changethe
currentanalytictechniques.But we do expectthat asbettertools
make it possibleto handlelargeamountsof three-dimensionaldata
a greateremphasison automationwill be inevitable, andthat the
softwareframework we have developedherewill make it easierto
innovate.

We faced a number of design decisionsand challengesin the
project. Morphometrictechniquesarebasedon user-de�ned sets
of landmarkpoints,which areassumedto beexactly homologous.
Recentwork in graphicshastendedto insteadto emphasizetheau-
tomaticdeterminationof homology. This would beappropriateto
the extent that it reliably correspondsto biological homology, but
this is a terri�c researchquestionratherthananacceptedtechnique
to beapplied.Our landmarkeditorsupportsexistingpracticeby fa-
cilitating theplacementof largesetsof landmarks,usingautomatic
placementonly very conservatively. This hashadimmediateand
obviousimpact.

A secondissuewasproducingtheintermediatesurfaceswhich lin-
earlyinterpolatetheinputshapes,asde�ned in morphometricanal-
yses.Themultiple-alignmentandinterpolationprocedureswe use
to handlethelandmarkpointsets,while standardin morphometrics,
differ from thosecommonin computergraphics.They aredesigned
to minimize the error inducedby forcing the shapesinto a linear
space.We thenneededto developa procedureto producelinearly
interpolatedsurfacesaswell as linearly interpolatedsetsof land-
mark points. This is a differentproblemfrom standardmorphing
or blending.Besideshaving several inputsinsteadof just two (not
all methodsgeneralizein anintuitive way), we wantedto preserve
propertiesof linearinterpolation.In particular, wewantedtheoper-
ationto becommutative,meaningthat,for instance,thesurfaceone
third of theway from A to B (2=3A+ 1=3B) shouldbethesameas
thesurfacetwo-thirdsof theway from B to A (1=3B+ 2=3A); this
is not true for many existing two-input morphingmethods. This
motivatedour choiceof a morphingmethodbasedon linear inter-
polationof implicit functions.

A third challengewashandlingthe somewhat messyscannedin-
put data,which doesnot evenapproximatea closedmanifoldsur-
face;therearelargeholesandonly onesideof thesolid is captured
in most areas,while in othersboth sidesare very closetogether
or evenself-intersecting.In theimplict functioninterpolations,we
usethesquareddistancefunctionto thesurfaceratherthanthemore
usualsigneddistancefunction,from which we extractanextremal
surface(de�ned in Section2.5). This approachdoesnot require

closedor orientedsurfacesasinput nor do we requireany prepro-
cessingof thelaserrangescansurfaces.

1.1 GeometricMor phometrics

Geometricmorphometricsis a branchof biostatisticsdealingwith
the analysisof shape[4, 27, 1]. Scientistsneedto be ableto de-
�ne and analyzestatisticallysigni�cant variablesexpressingbio-
logical shape.This taskis dif�cult becausethe choiceof what to
measureandanalyzeaffectstheresults.Ratherthanmeasuringspe-
ci�c distances,angles,andso on, the approachusedin geometric
mophometricsis to chooseadiscretesetof K homologous(or “cor-
responding”)landmarkpointsL i = f x1;x2;x3; : : : ;xKg;1 � i � N
on all N input objectsurfaces.The representationof theshapeby
its setof landmarkpointssubsumesmeasurementsof speci�c dis-
tancesbetweenlandmarks,anglesproducedby three landmarks,
etc. A denseenoughlandmarkpoint set provides an adequately
sampledrepresentationof the shape. Statisticalanalysisof land-
mark point setsprovidesa methodfor makingassertionssuchas
“This fossil craniumresemblesa macaqueratherthana baboon,”
morepreciseandquanti�able.

Thesum-squareddistancebetweentwo setsof landmarkpointsis

D (L i ;L j ) =
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K
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n
� 2 (1)

Procrustesdistancebetweenthem is the minimum of D (L i ;L j )
overall rotations,scales,andtranslationsof L j (with thescaleof L i

normalized).Procrustesdistanceimposesa geometryon thespace
of landmarkcon�gurations,forminganon-linearshapespace. Un-
fortunately, thepairwisealignmentsdo not producea multiple mu-
tualalignmentof all thelandmarksets;if wealignL a to Lb andLc

to Lb, we �nd thatLa is notalignedto L c. Thecommonpracticeis
to computeanaveragedconsensuslandmarkpoint setandalign all
of the landmarkpoint setsto this consensuscon�guration. Using
a processcalledGeneral ProcrustesAlignment(GPA), a consen-
suslandmarksetis chosento minimizethetotal squareddifference
betweenthealignedinput landmarksetsandtheconsensuscon�g-
uration[9]. Statisticalanalysiscanthenbeperformedon thedata
matrix formedby thealignedlandmarksets.This is treatedasalin-
earspace,in whichstandardstatisticaltechniquescanbeapplieddi-
rectly. This linearspaceis anapproximationto thenon-linearshape
spacede�ned by theProcrustesdistances,andthechoiceof agood
consensuscon�guration is importantto reducetheerrorcausedby
forcing thedatainto a linearspace.

After GPA we canlinearly interpolateour setof input con�gura-
tions, producingintermediatecon�gurationswhich also lie in the
approximatinglinearspace.All of our intermediatelandmarksets
in thetree-morphbelongto suchaninterpolatinglinearspace,with
theweightsfor thelinearcombinationsdeterminedasdescribedin
Section2.2.

It is commonpracticein morphometricsto visualizean averaged
con�gurationby warpingoneof theinput surfacessothat its land-
markscoincidewith the averagedcon�guration usinga thin-plate
spline(TPS)warp. The TPSis favoredbecausethe resultingsur-
face interpolatesthe landmarks(which are the “real” databeing
visualized),becauseit is thesmoothestsuchwarp,minimizing the
bendingenergy, which is relatedto thecurvature,andbecauseit is
fairly straightforwardto compute.



1.2 Application to Primate Evolution

We usethis well-acceptedmorphometricframework to de�ne the
biologically “correct” interpolation of the skull shapesfor � ve
speciesof Old World monkeys. The Old World monkeys evolved
in thesametime andplaceasearlyhumans,makingthema partic-
ularly interestinggroupto study. Therearemany extinct speciesof
Old World monkeys,known from fossils,sothatthereis a lot of in-
terestingdatarelatedto their evolutionaryhistory. Yet this history,
de�ned astheexactshapeof theevolutionarytree,continuesto be
amatterof controversy.

We have useda laserrangescannerto capturethree-dimensional
shapesof thecraniaof many speciesof Old World monkeys, both
extant and fossil, as part of a larger effort at the AmericanMu-
seumof NaturalHistoryto developadatabaseof three-dimensional
primatemorphology. Here, we use� ve of thesesurfacemodels
to develop andapply a methodfor visualizingmorphometricesti-
matesof skull-shapevariation that is relevant to the evolution of
thegroup. We selected� ve extantspeciessamplingbothsubfami-
lies of Old World monkeys, andusea best-estimatefor theevolu-
tionary treeof the � ve species,derived from DNA sequencedata,
which is only available for the extant species.We thenvisualize
whatthesequence-basedtreeimpliesaboutthemorphologyof an-
cient monkeys by interpolatingthe cranialshapesacrossthe �x ed
tree.Figure2 shows thetree.

Visualizationsof theintermediates(thehypotheticalspeciesat any
interior point of the tree)areinterestingin at leasttwo ways. Sci-
entistswant to answerquestionslike, “Are the skull shapespre-
dictedby this modelbiologically plausible?” and“Where would
this known fossil �t into the tree we hypothesizefrom genomic
data?”Thevisualizationof thesubsetof theskull shape-spacede-
�ned by thetreehelpsto answerbothkindsof questions.

1.3 TechnicalOverview

Our goal is to producea three-dimensionaltree-morphvisualiz-
ing theevolutionaryhypothesispresentedby aspeci�c evolutionary
treeusingasinput surfacemodelscapturedby a laserrangescan-
nerandthe transformationsspeci�ed by themorphometricmodel.
The outputof our procedureis a setof polygonalsurfacemodels,
eachone representingan intermediateshapecorrespondingto an
interior point of the tree. Eachof theseintermediatemodelsis a
weightedaverageof theinputmodels;they differ only in thechoice
of theweights.We developeda weightedaverageblendingproce-
dure,applicableto rigid objects.It is not intendedto handleinputs
in which the conformationvariesaswell asthe shape(suchasan
armbendingat theelbow). Hereis a brief descriptionof eachstep;
moredetailsareprovidedin thefollowing sections.

1. Landmark speci�cation: Theuserinteractively placesland-
mark points at biologically meaningfullocationsproviding
homologouspointsoneachof theinput specimens.

2. Alignment and targetcomputation: For eachsetof weights,
we producea weightedaveragetarget con�guration for the
landmarkpoints, and aligne the input landmarksetsto the
targetcon�guration,usingGPA.

3. Warp: We computea TPSwarp taking the landmarkpoints
on eachinput surfaceto thetargetcon�gurationanduseit to
warptheentireinputsurface.

4. Blend: We computea distancefunctionfor eachwarpedsur-
faceandtake their weightedaverage.Extractinganextremal
surfacefrom this functionproducestheoutputsurface.

Theearlystepsfollow theconventionalcourseof ageometricmor-
phometricsanalysis,which is the“gold standard”for thescientists
in termsof how they modelshapechange.Werelayonuser-de�ned
landmarkpoints,which we acceptastruly homologous.We focus
on makingit easyfor the userto de�ne many landmarks,provid-
ing moredatafor thelandmark-basedstatisticalmodel.We usethe
GPA alignmentprocedurefollowedin morphometricanalysis.Our
warpingstepusestheTPSwarp,whichis well-acceptedfor therea-
sonsdiscussedabove. The�nal blendingstepmeetstwo objectives.
First, it carriesthroughtheprincipleof constructingtheintermedi-
ateshapesof themorphasalinearcombinationof theinputshapes,
by representingthe shapesastrivariatefunctionsfor which linear
combinationsareunambiguouslywell-de�ned. Second,our choice
of trivariatefunctionworkswell for theraw captureddatameshes,
whicharenotmanifoldandhaveholes,andwhichcontainverythin
shell-like regionsandoccasionalself-intersectionswhich aredif�-
cult to morph.

1.4 RelatedWork

Existinggeometricmorphometricsoftwarehasmainly focusedon
the alignmentand multivariate statisticalanalysisof specimens,
with lessemphasison either the landmarkplacementuser inter-
faceor on visualization. Morpheus[22], morphologika [18], and
theTPSsuiteof programs[19] arethepackagesmostwidely-used
by morphologists.

Placinglandmarkpointson 3D specimensfor morphometricanal-
ysis is generallydoneusing3D contactdigitizerson theactualob-
jects wherethe collectedpoints storedin a spreadsheet.This is
extremely tedious,so that landmarkpoint setsconsistingof tens
of pointsaretypical. For virtual 3D imagesof specimens,suchas
laserrangesurfacesor CT scans(ideal whenthe actualspecimen
cannotbeobtained�rsthand), therearegenericsoftwarepackages
canbe used,but theseprogramsarenot specializedfor landmark
placement,sotheprocessremainsquitecumbersome.

The interestingvisualizationproblemof morphingprimateskull
shapesacrossanevolutionarytreewas�rst approachedby Delson
et al. [8] using the three-dimensionalanalogof the practicefrom
morphometricsmentionedabove,in whichthetransformationfrom
oneshapeto anotherdeterminedby the landmarkpointsis visual-
ized by warpingoneof the input surfacemodels. This approach
hasthedrawbackthatthevisualizationof anintermediateproduced
by warpingoneinput surfaceis not the sameasthe visualization
producedby warpinganotherinstead.Our work improveson this
approachin thatwe producea singlesurfacefor eachintermediate
that representsthe desiredproportionsof the input shapes.Also,
sincewe cangeneratemany morelandmarks,we achieve a better
representationof theshapeandits variationin theresultingmodel.

Whentheshapesarecapturedby computedtomography (CT) rather
thanlaserrangescans,thetrivariatedensityfunctionsfor thediffer-
ent specimenscan be blended,after warping to align signi�cant
features.This ideahasbeenappliedto visualizingtheevolution of
toadsby Hodgeset al. [10]. The problemof merging similar sur-
facesis replaced,in this case,with theproblemof isosurfacingas
thefunctionis averagedacrosstime,which is alsonon-trivial.

Subsoletal. [23] producedaninterestingmorphbetweenaCT scan
of a modernhumanskull andthatof a fossil humaniod.Their goal
wasto comparethetwo shapesusingadeformation,andto demon-
stratesomepossibleapplicationsof three-dimensionalgeometry
processingin paleontology. They establishcorrespondencesusing
automaticallyselectedcrestlines; thecrestlinesarenoisy, thecor-
respondencesbetweenthemareapproximate,andthey fail to cover
many areasof the skull suchas the brain case. So Subsolet al.



Figure 2: The input surface meshes,from laser range scansof the crania of existing monkey species, are shown on the right-hand side at the
leaves of this tree. The surface meshesat the internal nodes, placed at the estimated dates at which the species are hypothesized to have
diverged, represent the skull shapes of the hypothetical ancestors as computed using our system.

usedthemwith a non-interpolatingwarpincludinga regularization
component. This is a demonstrationof the potentialof possible
automatictechniques,while we concentrateon thefacilitationand
visualizationof existing techniqueswhich areactuallyusedin sta-
tistical shapeanalysis.

We alsodraw on methodsknown in computergraphicsandvisual-
ization. We wereinspiredby oneparticularlyrelevantproject[2],
in whichacollectionof full-body scansof humanswasalignedto a
closedsynthetic“basemesh.” Thebasemeshcouldthenbewarped
to resembleany of the inputs,or a linear combinationsof the in-
puts.Thismethodproducesa“spaceof humanbodyshapes”useful
in computergraphics,for instancefor generatingcrowdsof digital
extras. In morphometrics,thereis a strongemphasison produc-
ing resultsthatarederivedfrom thedataratherthanintroducedfor
computationalconvenience,so we wantedto avoid the synthetic
basemesh;also,wehadnoappropriatemeshto use.

Instead,we usea warp-and-merge paradigmto producethe inter-
mediatesurfacemodels.An earlyexampleof this paradigmis due
to Lerios,Gar�nkle andLevoy [12]. Their systemincludeda user
interfacewhichalloweduserto establishcorrespondencesbetween
curvesandregionson the input models,similar to featuresof our

landmarkeditor. The morphingmethodwhich formedtheir back
endwasmorefocusedonef�ciency andlesson theaccuracy of the
intermediateshapesthansomelaterapproaches,includingours,and
their methodfor color blendingis somewhat similar to ours. Our
morphingmethodis mostcloselyrelatedto that of Levin, Cohen-
Or andSolomovici [7] (andseealso[25]). Their methodusesthe
TPSto warp thesurfacessothat they resembleeachotherclosely.
This nicelycoincideswith thecommonpracticein morphometrics,
wherethe TPSis favored. The surfacesarethenmergedby con-
verting eachinput surfaceinto a signeddistancefunction de�ned
over a �nite three-dimensionaldomainin thetargetspace,takinga
weightedaverageof thefunctions,andextractingthezero-setof the
resultingfunction.Thisis appealingin ourapplicationsincewecan
take a weightedaverageof several input functionsin a straightfor-
wardway. Their methodworkswell for closedmanifoldinput sur-
faces,andreasonablywell on our messyinputsexceptwherethere
areself-intersectingsurfacesor oppositely-orientedsurfacespass-
ing very closeto eachother. We developedan alternative method
basedon averagingthesquareddistancefunction,which produces
asingle-sheetoutputin suchareas,with somewhatbetterresults.

Other morphing paradigms,which are better in the traditional
graphicscontext whereasurfaceA is morphedinto anothersurface



B, arenot appropriatein our application.For example,theattrac-
tive level-setmethodof BreenandWhitaker [6] producesa morph
by moving every point of surfaceA with velocitiescontrolledby
the distance�eld of B. We do not seea straightforward way in
which this canbemodi�ed to producea linearcombinationof sev-
eral input surfaces. Also, the intermediateshapeone-thirdof the
way from A andB in the level-setmorphis differentfrom the in-
termediateshapetwo-thirdsof the way from B to A, so it cannot
reasonablybeinterpretedasa linearinterpolation.

2 SYSTEM DETAI L S

2.1 Landmark Speci�cation

An essentialpartof theprojectwasdevelopingtheinteractive land-
markeditor. A basic,but important,featureis thatthehomologybe-
tweenthelandmarksondifferentinputsurfacesis shown explicitly;
with conventionalmethods,theuserhadto imply thehomologyby
carefullyplacinglandmarksin aspeci�c order. In thelandmarked-
itor, two surfacemeshesareshown at the sametime in the main
window. Figure3 shows a screenshot.A dialogwindow shows the
correspondencesbetweenpairs of landmarkpoints; the windows
arelinked,sothatwheneditingacorrespondencein thedialogwin-
dow theselectedpointson thesurfacemeshesarehighlighted.

Figure 3: Screencapture of our landmark editor. Two input meshes
are shown in the large paneand upper-left panewhile the two warped
models are overlayed in the lower-left pane. The yellow arrow indi-
cates the selectedpatch orientation.

Pointscanof coursebe added,deletedandadjustedin any order.
We show the surfacenormalaswell asthe point itself asthe user
adjuststhelandmark,which helpsto placeit exactly, especiallyon
high-curvaturefeatures.

Not all shapedifferencescanbecapturedby singlepoints.To cap-
turecurvatureof aneyesocketor theareaof thebraincase,wewant
to establishcorrespondencesbetweencurves and surfacepatches
as well as points. Sincemorphometricsis basedon the analysis
of matricesof homologouspoints, in morphometricsthis is done
by distributingpoints,calledsemi-landmarks, acrosssuchfeatures.
We implementthis by allowing theuserto placethecontrolpoints
of Béziercurvesor patcheson the surface. The systemautomati-
cally generatesa user-controllednumberof semi-landmarkpoints
acrossthecurveor patch,in a �x edorderderivedfrom theorderof
thecontrolpoints.Thesemi-landmarksarethenprojectedontothe
surface.Theuserestablishescorrespondencesbetweenthecontrol
pointstwo curvesor two patches,implicitly de�ning thecorrespon-
dencesbetweenall pairsof semi-landmarkson theprimative. The

orientationof curvesandtheorientationandrotationof patchesis
shown with arrows,sinceit is easyto gettheseswapped(by placing
thecontrolpointsin differentorderson the two surfaces),andthe
usercanre-orienta patchor curve to correcta mismatchwithout
having to move thepoints.

Bookstein[5] introduceda methodfor optimizing thepositionsof
semi-landmarkson a curve or surface,minimizing thebendingen-
ergy of theinducedTPSwarps.Wehave implementedthismethod,
andit seemsto have minimal effect on our semi-landmarks,which
aregenerallywell-spacedto begin with.

We have alsoimplementeda methodthattransferslandmarkprim-
itives from one surfaceto anothersemi-automatically. The user
placesat leastfour landmarksto producea crudewarp, which is
thenusedto transfertherestof thelandmarks;theuserthenhasto
adjusttheir positions,but just transferringtheoverall con�guration
greatlysimpli�es the experienceandreduceserrors. We canalso
export the landmarkpoints, which allows existing morphometric
packagesto usethem.

Figure 4: A full set of 853 landmarks placed on one of the scanned
crania. These were created using 45 are single points, 32 curvesand
9 surface patches.

Using this interface,it is easyto createlargesetsof correctlycor-
respondinglandmarkandsemi-landmarkpoints(Figure4). While
placing thesewas indeedtedious(it took our novice usersabout
threehoursperskull), it wouldhavebeencompletelyinfeasibleus-
ing previousmethods

The landmarkeditor is currentlybeingusedby the primatologists
onourteamfor aseparateresearchprojectinvestigatingcongruence
betweenjoint surfacesin the primateskeleton,in which a grid of
pointsareplacedon theopposingjoint surfaces.Landmarkshave
beencollectedonlaserrangescansurfacesof over80primatelower
limb-bonespecimens,andresultsarebeinganalyzed.Thesoftware
is greatlyfacilitatinganotherwiselengthy andcomplex process.

2.2 Weights

Eachinternal point of the tree correspondsto a set of consensus
landmarkpoints, which is a weightedaverageof the landmark
points at the leaves. The weightsare determinedusing a princi-
ple known in evolutionarybiology assquared-change parsimony:
theintegralof thesquaredchangeof avariablev (in thiscase,asin-
gle landmarkpoint coordinate)over the treeis minimized,within



theconstraintsimposedby thevaluesof v at theleaves.Thisprinci-
ple is sometimesusedto estimatethestructureof theevolutionary
treefrom the valuesat the leaves[26]. Here insteadwe have the
mucheasierproblemin which the structureof the tree, including
the lengthsof thebranches,is �x ed,andwe just want to compute
thevaluesof thevariablesat internalpointsin thetree.

A generalizedleast-squaremethodfor thisproblemwasintroduced
by MatrinsandHansen[14]. A covariancematrix for thevaluesof
v at thenodesis derived from thestructureof the treeandusedto
weighta least-squares�t of thevaluesat the internalnodesto the
actualleaf data.Thevaluev0 of v at theroot is assumedto change
randomlyas it evolves throughthe tree. The value of v at some
point in thetreeis assumedto follow a Gaussiandistribution,with
meanv0 andandvarianceproportionalto thedistancefrom theroot
(this is theBrownianmotionmodelof evolution). Thecovariance
for two pointsx andy in thetreeis proportionalto thedistancefrom
theroot to their least-commonancestor(lca);weassumethevalues
of v changedindependentlyon thetwo separatepathsfrom thelca
to x andy.

This methodis discussedin Rohlf [20]; his Equations16 and17
give theweightsfoundby the least-squares�t asclosed-formfor-
mulas.We usethemto assign,for a giveninternalnodein thetree,
asetof weightsw1; : : : ;wN for eachof theN input surfaces.Along
eachtreeedge,welinearly interpolatetheweightsof theendpoints.

2.3 Alignment and TargetCon�guration

Given N setsof homologouslandmarkpointsL i ;1 � i � N anda
setof weightsw1; : : : ;wN, the next stepis GeneralizedProcrustes
Alignment (GPA) [9]. This is an iterative procedurethat simulta-
neouslydeterminesthe positionsof the landmarkson the output
surfaceandalignsthe input landmarksetsto this targetcon�gura-
tion.

We begin by scalingeachinput setof landmarkpointsso that the
sumof thesquareddistancesbetweenall of thepointsandthecenter
of gravity is one.Thus,if gi =

�
å K

n= 1L i
n
�

=K is thecenterof gravity
for point set i and the sum for eachset is di = å K

n= 1kL i
n � gik2

thenthescalingfactorfor eachpoint setrelative to the�rst is si =
di=d1;1 � i � N. Thescalevariationcanbere-introducedinto the
visualizationattheend,aswasdoneto maketheimagesin Figure2.

We pick oneof the input con�gurationsof landmarkpoints,arbi-
trarily, asthe�rst iterationof thetargetcon�guration.Thenin each
iteration,we align all of the input landmarksetsto the proposed
targetcon�guration.WeuseHorn'salgorithm[11], whichgivesan
ef�cient andclosedform solutionto theproblemof �nding thero-
tationandtranslationof aninput landmarksetminimizing thesum
of squareddistancesbetweeneachlandmarkpointandthehomolo-
gouspoint in thetargetcon�guration.After aligningall input land-
mark sets,we computethe new target con�guration by taking the
weightedaverageof all of thehomologouscopiesof eachlandmark
point. Weterminatetheiterativeprocesswhenthetargetcon�gura-
tion is “stable.” Fewer thanteniterationsaretypically needed.

2.4 Warp

Thenext stepis to warpall surfacemodelsinto thetargetcon�gu-
rationspaceusingthethin-platespline(TPS).TheTPSwarpis de-
�ned usinganinputsetof landmarksandthetargetsetof consensus
landmarkpoints,andit bringstheinput landmarksinto coincidence
with thetargetset.Takingthesurfacemeshthroughthesametrans-
formationwarpsthe surfaceinto the target space.Warpingall N

surfacesinto this targetspaceresultsin all surfacesbeingcloseto
oneanother.

Conveniently, it is possibleto get a closed-formsolution for the
TPSwarp, sinceit canbe expressedasa weightedsumof radial
basisfunctionscenteredat the landmarkpoints. The weightsare
determinedby solvinga linearsystem,which we do in a straight-
forwardmanner.

2.5 Merging

The �nal stepis merging the N surfaces,which after the warp lie
veryclosetogether. Thismergeinterpolatesthesurfacedetails.

We initially implementedthe methodof [7], computinga signed
distance�eld aroundeachsurface,computingthe weightedaver-
ageof thosedistance�elds, andextractingthezeroset.Thisworks
well in most regions,but introducedholesin regionswhereboth
sidesof a thin sheet-like region of the objectarecapturedin the
input scans. If thesethin sheetsare not perfectly alignedby the
warp, holesappearin the output surface,even at arbitrarily high
resolution(Figure6). This occursbecauseeven in thecontinuous
casethereareregionswheretheaveragedfunctionis positive over
thewholeneighborhoodof theinput surfacesanddoesnot achieve
zeros.These(andotherartifactsneartheboundaries)ledusto con-
sider an alternative approach,basedon linearly interpolatingthe
squareddistancefunction ratherthanthe signeddistancefunction
of thesurface.Our new methodis alsosomewhat lesssensitive to
discretizationartifacts.

The squareddistancefunction di(x;y;z) associatedwith oneinput
surfaceMi is zeroat pointsof Mi andpositive elsewhere,andits
gradientat pointsof Mi is the zerovector; Mi lies at the bottom
of the two-dimensional“valley” in the three-dimensionalfunction
di . The weightedaverageof the di , d(x;y;z) = å widi , is similar
to a squareddistancefunction, in that thereis still a distinct two-
dimensional“valley” in the function. The pointsat the bottomof
this valley have smallbut not zerovaluesof d, andthegradientis
exactly zeroonly at a setof discreteminimum points. We extract
thesurfacetracingout thebottomof thisvalley. Noticethatevenat
pointswheretheaverageddistancefunctionfails to achieve a zero,
theaveragedsquareddistancefunctionstill hasavalley.

Figure 5: Averaging multiple squared distance functions produces a
function that is similar to a squared distance function, but generally
not zeroanywhere. In onedimension, the squared distancefunction is
a parabola in two-space,and the averageof severalis alsoa parabola.
In higher dimensionsthe situation is similar, although complicated by
the fact that the input surfacenormals do not match exactly. Taking
a directional derivative in a direction v, roughly perpendicular to the
desired surface, produces a signed function, with its zeros de�ning
the bottom of the parabolic \valley."

To extract a surfacefrom a two-dimensionalvalley in a trivariate
function we usean extremal surfaceconstruction. Extremalsur-
faceswere introducedfor extracting surfacesfrom noisy tensor
�elds [17], andthey have beenusedrecentlyfor de�ning surfaces
from point clouds[3]. We considerthedirectionalderivative of d



in a directionv roughlyperpendicularto thevalley. Oncewe have
anappropriatevector�eld v, thedirectionalderivative

g =
¶d
¶v

=
Ñd � v

2
(2)

is a signedfunction,whosezerosetis taken asthe desiredoutput
surface(Figure 5). Sincethe function g is locally nearly linear,
extractingtheoutputsurfaceusingmarchingcubes[13] workswell
andproducessmoothsurfacesfreeof “jaggy” artifacts,exceptagain
in regionswheretheinput formedthin sheets(Figure6).

Signed Unsigned

Figure 6: Comparison of signed distance �eld blending, on the left,
and our novel unsigned blending procedure on the right. In the �rst
row, we use a high resolution voxel grid of 300� 192� 147. The
signed distance �eld produces a merged surface with a hole behind
the eye socket, where two oppositely-oriented surface are close to
each other, even though none of the input surfaceshad a hole. Our
method of averaging the squared distance functions produces the
correct topology, although there is still some discretization noise in
the di�cult region. At lower resolution (in the second row, 150�
96� 73), our method is lesssensitive to discretization artifacts.

To �nd a vector�eld v roughlyperpendicularto thevalley, we use
thedirectionsperpendicularto the input surfaces.Speci�cally, we
averagethe unorientedgradientdirectionsÑdiof all of the input
squareddistance�elds di ; by unorientedwemeanthedirectionsof
the lines supportingthe vectors,so that the vectorsv and� v are
consideredto be the same.Even in the dif�cult regionsin which
theobjectsform thin sheets,theunorientedgradientdirectionsare
roughlyconsistentwith eachother(while theorientedgradientdi-
rectionscan point in oppositedirections),so the averagedunori-
entedvector�eld is smoothnearthesurface.

We thenpropagatea consistentorientationthroughv. Again, this
hasto bedonecarefullyin thedif�cult regionsin which theobjects
form thin sheets.Wedetectthedif�cult regionswhile extractingthe
distancefunction,aswe describein a moment.With this informa-
tion, wecanpropagatetheorientationof v �rst in theeasierregions
andthenin themoredif�cult ones.

We computethesquareddistancefunctiondi for eachsurfaceon a
voxel grid usingtheclosestpoint transform(CPT)codedistributed
by Mauch [16], which implements his robust computational-
geometry-basedmethod[15]. This code�nds for eachvoxel x the
nearestfoot-pointon the polyhedralinput surface;a foot-point is

a surfacepoint p suchthata spherecenteredat x is tangentto the
surfaceatp. Thenearestfoot-pointis alsotheclosestsurfacepoint.
We modi�ed the codeto �nd not only the closestfoot-point but
alsothesecond-closestfoot-pointaswell. Whentheobjectforms
a thin sheet,or at a sharpcorner, thesecond-closestfoot-pointis at
nearlythesamedistanceastheclosest.We usethedifferencebe-
tweenthedistanceto theclosestandthesecond-closestfoot-points
asameasureof thedif�culty of orientingv. For ef�ciency, wealso
modi�ed theCPTcodeto only computethesquareddistance�eld
aroundeachinputsurfacemeshM i to within asmalldistancea (we
use1=10thelargestdimensionof themodel).WeusetheCPTcode
to �nd the trivariatesquareddistancefunction di for eachMi and
alsothe exact gradientÑdi of the squareddistance.Note that the
gradientis thesameastheunsigneddistancefunctiontimestwo. A
weightedaverageof all di functionsproducesasinglescalartrivari-
atefunctiond, and,becauseof thelinearityof thederivativeopera-
tor, averagingtheÑdi functionsproducesits exactgradientÑd.

Color is alsoaveraged.Eachtrianglein theinput meshis assigned
the averagecolor of its threevertices(we could have interpolated
thevertex colorsacrossthetrianglebut thedifferencesarenegligi-
ble at thegrid resolutionwe areusing).Every voxel closestto this
triangleinheritsthis trianglecolor. Thecolorsat thevoxelsarethen
averagedalongwith thedistancefunctions.After thesurfaceis ex-
tracted,color is assignedto eachsurfacevertex by interpolatingthe
surroundingvoxel colors.

Theresultingsurfacesstill have someextraneousparts.Oneissue
is thatg = 0 at ridgesof d aswell asat valleys, thatis, nearthethe
medialaxisof thedesiredsurfaceaswell asthesurfaceitself. We
handlethis simply by taking the single largestconnectedcompo-
nentof theoutputsurface;thisremovesthemedialaxiscomponents
andalsosomesmallnoiseartifacts.We alsodeleteany partof the
surfacewherejgj is not nearlyzero (zerocrossingsat transitions
betweenlargepositiveandlargenegativevaluesof g). Theseoccur
nearboundaries.

Finally, at voxels wherev is hard to de�ne becausethe averaged
gradientsat the verticespoint in very differentdirections,we do
not computeg directly. Instead,we computeg for thesurrounding
voxels andtheninterpolatethevalues,by averaging,to theempty
voxels. Note that this hole-�lling would not bepossiblewithout a
consistentorientationfor v andhenceaconsistentsignfor g.

3 RESULTS

Figure2 illustratesour results.Themainpoint is thatthesynthetic
skulls,createdby averagingtheinputmeshes,arevirtually indistin-
guishablefrom theoriginal models.A video, includingananima-
tion of the tree-morphandsomeexamplesof interactionwith the
landmarkeditor, accompaniesthispaper.

The input surfacemeshesvaried in size, from 797K to 433K tri-
angles,except for the Papio model, for which only a 75K trian-
gle meshwasavailable.Computingthetrivariatedistancefunction
from theinput meshis themostexpensive partof thecomputation,
and this is roughly linear in the size of the input mesh. For the
animation,we simpli�ed all of themeshesdown to about75K tri-
angles,sincemoredetailwouldnotberesolvedatvideoresolution.
Note that the trivariatedistancefunction hasto be computedfor
eachframe,sincethewarpfor eachframeis different.Weusedthe
full resolutioninputmeshesfor the�gures.

We did our processingon four Intel 3.2GHZHyperthreadedwork-
stations,eachwith 2GBof memory. Thedistance�eld for thehigh-
resolutionmeshesis computedin about500secondspermodelon
a voxel grid of size300� 192� 147. Otherprocessing,including



theGPA, theTPSwarp,andtheextractionof theextremalsurfaces,
requiredaboutan hour altogetherandwasminor comparedto the
time requiredto generatethedistancefunctions.

4 DI SCUSSI ON AND FUTURE RESEARCH

This applicationraisesa numberof researchquestionsthatwe are
interestedin pursuing.With respectto primateevolution, we plan
to comparetheaverageancestralshapespredictedby thestatistical
modelandillustratedin thisvisualizationwith theshapesof known
fossils,bothvisuallyandstatistically. Integrationof fossilevidence
with a treessuchasours,whosestructureis inferredfrom genomic
sequencedataonexistingspecies,hasto bebasedonmorphological
features.Visualizationssuchasthesehelppaleontologistsdevelop
intuition aboutmorphologicalchangeandencouragethemto accept
or reevaluatestatisticalmodels.

Generatinglandmarksautomaticallyin away thatuserswould �nd
suf�ciently accurateand biologically meaningfulis an important
areafor futureresearch.As moredatabecomesavailable,theneed
for automationbecomesmorepressing.For instance,it would be
very helpful to be ableto attractlandmarkpointsonto signi�cant
geometricfeatures,especiallyridges. More ambitiously, it would
beusefulto beableto developreliablesurfacecorrespondencesus-
ing only asmallnumberof landmarks,andhencetransferlargesets
of landmarksalmostautomatically. Therehasbeensomework on
this problemin thegraphicscommunity [21] andextendingthese
techniquesto handleinputsthatarenot closedmanifoldswould be
helpful.

Finally now thatwehave a methodfor producingintermediatesur-
faces,we can useit to constructa basemeshto usein a system
suchasthat of [2], which might producemoreattractive or more
ef�cient warps.
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