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ABSTRACT

We introduce a techniqueto visualize the gradual evolutionary
changeof the shapef living thingsasa morph betweenknowvn
three-dimensionashapes. Given geometriccomputermodelsof
anatomicalshapesfor some collection of specimens- here the
skulls of the someof the extant membersof a family of monkeys
- anevolutionarytreefor the groupimplies a hypothesisaboutthe
way in which the shapechangedhroughtime. We usea statisti-
calmodelwhich expresseshevalueof somecontinuousrariableat
aninternalpointin the treeasa weightedaverageof the valuesat
theleaves. Theframework of geometricnorphometricganthenbe
usedto de ne ashape-spacbasednthecorrespondences land-
mark pointson the surfaceswithin which theseweightedaverages
canberealizedasactualsurfaces.

Our softwareprovidestoolsfor performingandvisualizingsuchan
analysisin threedimensions.Beginning with laserrangescansof
crania,we useour landmarkeditorto interactively placelandmark
pointsonthe surface.We usetheseto computea “tree-morph”that
smoothlyinterpolategshe shapescrosghetree.Eachintermediate
shapein the morphis a linear combinationof all of the input sur
facesWe createasurfacemodelfor anintermediateshapeby warp-
ing all theinputmeshesowardsthecorrectshapeandthenblending
themtogether To do the blending,we computea weightedaverage
of their associatedrivariatedistancefunctionsandthen extract a
surfacefrom the resultingfunction. We implementthis ideausing
thesquaredlistancefunction, ratherthanthe usualsigneddistance
function,in anovel way.

CR Categories: 1.4.10[ImageProcessingndComputerVision]:
Image Representation—Morphological; 3.8 [Computer Graph-
ics]: Applications
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warping,distanceelds, extremalsurface
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1 INTRODUCTION

Darwin'stheoryof evolution wasoriginally appliedusingmorphol-
ogy - discretequalitatve featuressuchasnumberof toes,andalso
quantitatve shapedifferences suchas elongation of a limb - to
placespecieswithin thetreeof life. While genomicsequencelata
is now thebasisof mostphylogenieqevolutionarytrees) morphol-
ogy continuego be an essentiapartof evolutionarybiology. One
importantreasoris thatthemorphologyof fossils,ratherthancom-
parisonsbetweengenomicdata,providesour only directevidence
for extinct species.

For instance the shapeof the skull is very importantin the study
of humanevolution, andthat of our primaterelations. Quantita-
tive differencessuchas shapeof the brow ridge, are essentiain

de ning the criteriafor comparisorbetweenskulls. The ideathat
quantitatve shapdlifferencesanbeanalyzedn termsof thetrans-
formationsrequiredto “morph” one shapeinto anothergoesback
at leastto d'Arcy Thompsonrs classic1917 book On Growth and
Form[24], from which Figurel is taken.

Figure 1: Spatial relationship between human, chimpanzee, and ba-
boon skull, as envisionedby d'Arcy Thompson in 1917. The overall
shape is recognizably similar, and the transformation between them
describes the shape di erence. In modern morphometric studies,
the statistical analysisof the transformation is basedon a matrix of
selected landmark points from the surfaces, while warps of the em-
bedding space, which are illustrated here, are more often used for
visualization of the results.

The statisticalanalysisof geometricshapetransformationss the
programof geometricmorphometrics In additionto evolutionary
biology, morphometridechniquesreusedwidely in developmen-
tal biology, medicalimageanalysis,andotherareas.Morphomet-
rics de nes “shapespaces’basedon setsof homologoussetsof
landmarkpointson theinput objects. The spacesn which statisti-
cal analysisis generallydonearelinear spacespanningthe input



shapessothattheinterpolatingshapesn the space suchasthose
we usehere arelinearcombination®of theinput shapes.

Using morphometricswe have implementeda three-dimensional
“tree-morph” visualizing the evolutionary changesimplied by a
givenevolutionarytree. Surfacemeshesapturedby a laserrange
scannefrom cranialspecimengor extant(living) specieappeasat
theleaves. Theinterior nodesandinterior pointsof theedgef the
evolutionarytree correspondo hypotheticalancestospecies.We
realizetheseby computingsyntheticsurfacemeshedor the shapes
attheinternalnodesandat a densesetof pointssampledalongthe
treeedgesWe thenvisualizethe morphby displayingthe precom-
putedmeshesnteractiely, by sliding a cursoralongtreeedgespr
asananimation.

This speci c projectwaschoserto drive the developmentof com-

putertools for three-dimensionahorphometricanalysisandvisu-

alization. Our aim is to usevisualizationand interactie tools to

supportthe kind of morphometricanalysisthat is currently done
in paleontologyandotherbiologicaldisciplines,producingimages
which re ect the users'existing theoriesaboutshapetransforma-
tion andwhich arethereforeperceved as credibleandrelevantto

the science.We do not proposen this initial projectto changethe
currentanalytictechniques.But we do expectthat as bettertools
male it possibleto handlelarge amountsof three-dimensionalata
a greateremphasion automationwill be inevitable, andthat the
softwareframavork we have developedherewill make it easierto

innovate.

We faceda numberof designdecisionsand challengesin the

project. Morphometrictechniquesare basedon userde ned sets
of landmarkpoints,which areassumedo be exactly homologous.
Recentwork in graphicshastendedo insteadto emphasiz¢he au-

tomaticdeterminatiorof homology This would be appropriateto

the extentthatit reliably correspondso biological homology but

thisis aterri ¢ researclyuestionratherthananacceptedechnique
to beapplied.Ourlandmarkeditor supportexisting practiceby fa-

cilitating the placemenbf large setsof landmarkspusingautomatic
placemenbnly very conseratively. This hashadimmediateand

obviousimpact.

A secondssuewasproducingtheintermediatesurfaceswhich lin-
earlyinterpolatetheinput shapesasde ned in morphometrianal-
yses.The multiple-alignmentandinterpolationproceduresve use
to handlethelandmarkpointsetswhile standardn morphometrics,
differ from thosecommonin computegraphics.They aredesigned
to minimize the error inducedby forcing the shapesnto a linear
space.We thenneededo develop a procedureo producelinearly
interpolatedsurfacesaswell aslinearly interpolatedsetsof land-
mark points. This is a differentproblemfrom standardmorphing
or blending. Besideshaving severalinputsinsteadof just two (not
all methodsgeneralizen anintuitive way), we wantedto presere
propertieof linearinterpolation.In particular we wantedthe oper
ationto becommutatve, meaninghat,for instancethesurfaceone
third of theway from A to B (2=3A+ 1=3B) shouldbethe sameas
the surfacetwo-thirdsof theway from B to A (1=3B+ 2=3A); this
is not true for mary existing two-input morphingmethods. This
motivatedour choiceof a morphingmethodbasedon linearinter
polationof implicit functions.

A third challengewas handlingthe somevhat messyscannedn-
put data,which doesnot even approximatea closedmanifold sur
face;therearelarge holesandonly onesideof thesolid is captured
in mostareas,while in othersboth sidesare very closetogether
or evenself-intersectingln theimplict functioninterpolationswe
usethesquaredlistancdunctionto thesurfaceratherthanthemore
usualsigneddistancefunction, from which we extractan extremal
surface(de ned in Section2.5). This approachdoesnot require

closedor orientedsurfacesasinput nor do we requireary prepro-
cessingof thelaserrangescansurfaces.

1.1 Geometric Mor phometrics

Geometricmorphometricss a branchof biostatisticsdealingwith
the analysisof shape[4, 27, 1]. Scientistsneedto be ableto de-
ne and analyzestatistically signi cant variablesexpressingbio-
logical shape. This taskis dif cult becausehe choiceof whatto
measurandanalyzeaffectstheresults.Rathethanmeasuringpe-
ci ¢ distancesangles,andso on, the approachusedin geometric
mophometricés to choosea discretesetof K homologougor “cor-
responding”)landmarkpointsL' = XX Xg XL i N
onall N input objectsurfaces. The representationf the shapeby
its setof landmarkpointssubsumesneasurementsf speci c dis-
tancesbetweenlandmarks,anglesproducedby threelandmarks,
etc. A denseenoughlandmarkpoint set provides an adequately
sampledrepresentatiof the shape. Statisticalanalysisof land-
mark point setsprovides a methodfor making assertionsuchas
“This fossil craniumresemblesa macaqueatherthana baboor,

morepreciseandquanti able.

Thesum-squaredistancebetweertwo setsof landmarkpointsis
s
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Procrustesdistancebetweenthem is the minimum of D (L';L/)
overall rotations scalesandtranslation®f L ! (with thescaleof L'
normalized).Procrusteslistancamposesa geometryon the space
of landmarkcon gurations,forming a non-linearshapespace Un-
fortunately the pairwisealignmentsdo not producea multiple mu-
tual alignmentof all thelandmarksets;if we alignL2to L andL®
toLP, we nd thatL 2 is notalignedto L ¢. Thecommonpracticeis
to computeanaveragedconsensutandmarkpoint setandalign all
of the landmarkpoint setsto this consensugson guration. Using
a processcalled Generl ProcrustesAlignment(GPA), a consen-
suslandmarksetis choserto minimizethetotal squaredlifference
betweerthealignedinputlandmarksetsandthe consensuson g-
uration[9]. Statisticalanalysiscanthenbe performedon the data
matrix formedby thealignedlandmarksets.Thisis treatedasalin-
earspaceijn which standardtatisticatechniquesanbeapplieddi-
rectly. Thislinearspacds anapproximatiorto thenon-linearshape
spacede ned by the Procrusteslistancesandthe choiceof agood
consensuson gurationis importantto reducethe error causecy
forcing thedatainto alinearspace.

After GPA we canlinearly interpolateour setof input con gura-
tions, producingintermediatecon gurationswhich alsolie in the
approximatinginear space.All of our intermediatdandmarksets
in thetree-morptbelongto suchaninterpolatinglinearspacewith
theweightsfor the linear combinationgleterminedasdescribedn
Section2.2.

It is commonpracticein morphometricgo visualizean averaged
con guration by warpingoneof theinput surfacessothatits land-
markscoincidewith the averagedcon guration usinga thin-plate
spline (TPS)warp. The TPSis favored becausehe resultingsur

faceinterpolatesthe landmarks(which are the “real” databeing
visualized) becausét is the smoothessuchwarp, minimizing the
bendingenegy, whichis relatedto the curvature,andbecausst is

fairly straightforvardto compute.



1.2 Application to Primate Evolution

We usethis well-acceptednorphometricframenork to de ne the
biologically “correct” interpolation of the skull shapesfor ve
specienf Old World monkeys. The Old World monkeys evolved
in the sametime andplaceasearly humansmakingthema partic-
ularly interestinggroupto study Therearemary extinct specief
Old World monkeys, known from fossils,sothatthereis alot of in-
terestingdatarelatedto their evolutionaryhistory. Yetthis history,
de ned asthe exactshapeof the evolutionarytree,continuego be
amatterof controversy

We have useda laserrangescannerto capturethree-dimensional
shapeof the craniaof mary speciesf Old World monkeys, both
extant and fossil, as part of a larger effort at the American Mu-
seumof NaturalHistoryto developadatabasef three-dimensional
primate morphology Here, we use ve of thesesurface models
to develop andapply a methodfor visualizingmorphometricesti-
matesof skull-shapevariationthat is relevantto the evolution of
the group. We selected ve extant speciessamplingboth subfami-
lies of Old World monkeys, andusea best-estimatéor the evolu-
tionarytreeof the ve speciesderived from DNA sequencelata,
which is only availablefor the extant species.We thenvisualize
whatthe sequence-baseteeimplies aboutthe morphologyof an-
cientmonkeys by interpolatingthe cranialshapesacrossthe x ed
tree.Figure2 shavsthetree.

Visualizationof theintermediategthe hypotheticalspeciesat ary

interior point of the tree)areinterestingin at leasttwo ways. Sci-

entistswant to answerquestiondike, “Are the skull shapespre-
dicted by this model biologically plausible?” and “Where would

this known fossil t into the tree we hypothesizefrom genomic
data?” The visualizationof the subsebf the skull shape-spacde-
ned by thetreehelpsto answetothkindsof questions.

1.3 TechnicalOverview

Our goal is to producea three-dimensionalree-morphvisualiz-
ing theevolutionaryhypothesigresentedby aspeci c evolutionary
treeusingasinput surfacemodelscapturedby a laserrangescan-
nerandthe transformationspeci ed by the morphometricmodel.
The outputof our procedures a setof polygonalsurfacemodels,
eachone representingn intermediateshapecorrespondingo an
interior point of the tree. Eachof theseintermediatemodelsis a
weightedaverageof theinputmodels;they differ only in thechoice
of theweights. We developeda weightedaverageblendingproce-
dure,applicableto rigid objects.It is notintendedto handleinputs
in which the conformationvariesaswell asthe shape(suchasan
armbendingattheelbow). Hereis a brief descriptionof eachstep;
moredetailsareprovidedin thefollowing sections.

1. Landmark speci cation: Theuserinteractvely placedand-
mark points at biologically meaningfullocations providing
homologousgpointson eachof theinput specimens.

2. Alignment and targetcomputation: For eachsetof weights,
we producea weightedaveragetarget con guration for the
landmarkpoints, and aligne the input landmarksetsto the
targetcon guration,usingGPA.

3. Warp: We computea TPSwarp taking the landmarkpoints
on eachinput surfaceto thetargetcon guration anduseit to
warptheentireinput surface.

4. Blend: We computea distanceunctionfor eachwarpedsur
faceandtake their weightedaverage.Extractingan extremal
surfacefrom this function produceghe outputsurface.

Theearlystepsfollow the conventionalcourseof ageometricnor
phometricsanalysiswhich is the “gold standard’for the scientists
in termsof haw they modelshapechange We relayonuserde ned
landmarkpoints,which we acceptastruly homologous.We focus
on makingit easyfor the userto de ne mary landmarks provid-
ing moredatafor thelandmark-basedtatisticaimodel. We usethe
GPA alignmentprocedurdollowedin morphometricanalysis.Our
warpingstepuseghe TPSwarp,whichis well-acceptedor therea-
sonsdiscussedbove. The nal blendingstepmeetsgwo objecties.
First, it carriesthroughthe principle of constructinghe intermedi-
ateshape®f themorphasalinearcombinatiorof theinputshapes,
by representinghe shapesastrivariatefunctionsfor which linear
combinationsareunambiguouslyvell-de ned. Secondpur choice
of trivariatefunctionworkswell for the raw capturecdatameshes,
which arenotmanifoldandhave holes,andwhich containverythin
shell-like regionsand occasionakelf-intersectionsvhich aredif -
cultto morph.

1.4 RelatedWork

Existing geometricmorphometricsoftware hasmainly focusedon
the alignmentand multivariate statisticalanalysisof specimens,
with lessemphasison either the landmarkplacementuserinter
faceor on visualization. Morpheus[22], morpholaika [18], and
the TPSsuiteof programg19] arethe packagesnostwidely-used
by morphologists.

Placinglandmarkpointson 3D specimengor morphometricanal-
ysisis generallydoneusing3D contactdigitizerson the actualob-
jects wherethe collectedpoints storedin a spreadsheetThis is
extremely tedious, so that landmarkpoint setsconsistingof tens
of pointsaretypical. For virtual 3D imagesof specimenssuchas
laserrangesurfacesor CT scans(ideal whenthe actualspecimen
cannotbe obtained rsthand), thereare genericsoftware packages
canbe used,but theseprogramsare not specializedor landmark
placementsothe procesgemainsquitecumbersome.

The interestingvisualizationproblem of morphing primate skull
shapesacrossanevolutionarytreewas rst approachedby Delson
et al. [8] usingthe three-dimensionahnalogof the practicefrom
morphometricsnentionedabore,in whichthetransformatiorfrom
oneshapeto anotherdetermineddy the landmarkpointsis visual-
ized by warping one of the input surfacemodels. This approach
hasthe dravbackthatthevisualizationof anintermediatgroduced
by warpingoneinput surfaceis not the sameasthe visualization
producedby warpinganotherinstead. Our work improveson this
approachn thatwe producea singlesurfacefor eachintermediate
that representshe desiredproportionsof the input shapes.Also,
sincewe cangeneratanary morelandmarkswe achiere a better
representatioof the shapeandits variationin theresultingmodel.

Whentheshapesrecapturedy computedomograply (CT) rather
thanlaserrangescansthetrivariatedensityfunctionsfor thediffer-

ent specimenscan be blended,after warping to align signi cant

features.This ideahasbeenappliedto visualizingthe evolution of

toadsby Hodgeset al. [10]. The problemof meging similar sur

facesis replacedjn this case with the problemof isosurficingas
thefunctionis averagedacrosgime, whichis alsonon-trivial.

Subsoletal. [23] producedaninterestingnorphbetweera CT scan
of amodernhumanskull andthatof a fossil humaniod.Their goal
wasto comparehetwo shapesisinga deformationandto demon-
strate some possibleapplicationsof three-dimensionafjeometry
processingn paleontology They establishcorrespondencassing
automaticallyselectectrestlines; the crestlines arenoisy, the cor
respondencdsetweerthemareapproximateandthey fail to cover
mary areasof the skull suchasthe brain case. So Subsolet al.
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Figure 2: The input surface meshes,from laser range scansof the crania of existing monkey species, are shown on the right-hand side at the
leavesof this tree. The surface meshesat the internal nodes, placed at the estimated dates at which the species are hypothesized to have
diverged, represent the skull shapes of the hypothetical ancestas as computed using our system.

usedthemwith a non-interpolatingvarpincludinga regularization
component. This is a demonstratiorof the potential of possible
automatictechniquesyvhile we concentraten the facilitationand
visualizationof existing techniquesvhich areactuallyusedin sta-
tistical shapeanalysis.

We alsodrawv on methodsknown in computergraphicsandvisual-
ization. We wereinspiredby one particularlyrelevant project[2],

in which acollectionof full-body scansof humanswvasalignedto a
closedsynthetic'basemesh’. Thebasemeshcouldthenbewarped
to resembleary of the inputs, or a linear combinationsof the in-

puts. Thismethodproduces “spaceof humanbodyshapesuseful
in computergraphics for instancefor generatingcrowvds of digital

extras. In morphometricsthereis a strongemphasison produc-
ing resultsthatarederived from the dataratherthanintroducedfor

computationalcorvenience,so we wantedto avoid the synthetic
basemesh;also,we hadno appropriataneshto use.

Instead,we usea warp-and-mege paradigmto producethe inter-

mediatesurfacemodels.An early exampleof this paradigmis due
to Lerios, Gar nkle andLevoy [12]. Their systemincludeda user
interfacewhich alloweduserto establishcorrespondencdsetween
curvesandregionson the input models,similar to featuresof our

landmarkeditor The morphingmethodwhich formedtheir back
endwasmorefocusedon ef ciency andlessontheaccurag of the
intermediateshapeshansomeaterapproachesncludingours,and
their methodfor color blendingis somevhat similar to ours. Our
morphingmethodis mostcloselyrelatedto that of Levin, Cohen-
Or and Solomwici [7] (andseealso[25]). Their methodusesthe
TPSto warpthe surfacessothatthey resembleeachotherclosely
This nicely coincideswith thecommonpracticein morphometrics,
wherethe TPSis favored. The surfacesarethenmeigedby con-
verting eachinput surfaceinto a signeddistancefunction de ned
overa nite three-dimensionalomainin thetametspacetakinga
weightedaverageof thefunctions,andextractingthezero-sebf the
resultingfunction. Thisis appealingn ourapplicationsincewe can
take aweightedaverageof severalinput functionsin a straightfor
wardway. Theirmethodworkswell for closedmanifoldinput sur
facesandreasonablyvell on our messyinputsexceptwherethere
are self-intersectingurfacesor oppositely-orientedurfacespass-
ing very closeto eachother We developedan alternatve method
basedon averagingthe squaredlistancefunction, which produces
asingle-sheebutputin suchareaswith somavhatbetterresults.

Other morphing paradigms,which are betterin the traditional
graphicscontext wherea surfaceA is morphednto anothersurface



B, arenot appropriaten our application. For example,the attrac-
tive level-setmethodof BreenandWhitaker [6] producesa morph
by maoving every point of surfaceA with velocitiescontrolledby

the distance eld of B. We do not seea straightforvard way in

which this canbe modi ed to producea linearcombinationof sev-

eral input surfaces. Also, the intermediateshapeone-thirdof the
way from A andB in the level-setmorphis differentfrom thein-

termediateshapetwo-thirds of the way from B to A, soit cannot
reasonablyeinterpretedasalinearinterpolation.

2 SvYSTEM DETAILS

2.1 Landmark Speci cation

An essentiapartof theprojectwasdevelopingtheinteractive land-
markeditor A basic,butimportantfeatureis thatthehomologybe-
tweenthelandmarkson differentinput surfacess shavn explicitly;

with conventionalmethodsthe userhadto imply the homologyby
carefullyplacinglandmarksn aspeci c order In thelandmarked-
itor, two surfacemeshesare shavn at the sametime in the main
window. Figure3 shavs ascreenshotA dialogwindow shavs the
correspondencesetweenpairs of landmarkpoints; the windows
arelinked,sothatwheneditingacorrespondende thedialogwin-
dow the selectegointson the surfacemeshesrehighlighted.

Figure 3: Screencapture of our landmark editor. Two input meshes
are shown in the large pane and upper-left panewhile the two warped
models are overlayed in the lower-left pane. The yellow arrow indi-
cates the selected patch orientation.

Pointscanof coursebe added,deletedand adjustedin ary order
We shav the surfacenormalaswell asthe pointitself asthe user
adjuststhe landmarkwhich helpsto placeit exactly, especiallyon
high-cunaturefeatures.

Not all shapedifferencesanbe capturedoy singlepoints. To cap-
turecurvatureof aneye socletor theareaof thebraincasewewant
to establishcorrespondencesetweencurves and surface patches
aswell aspoints. Sincemorphometricds basedon the analysis
of matricesof homologouspoints,in morphometricghis is done
by distributing points,calledsemi-landmarksacrosssuchfeatures.
We implementthis by allowing the userto placethe control points
of Béziercurvesor patcheson the surface. The systemautomati-
cally generates usercontrollednumberof semi-landmarkpoints
acrosghecurwe or patch,in a x edorderderivedfrom the orderof
the controlpoints. The semi-landmarksrethenprojectedontothe
surface. The userestablishesorrespondencdsetweerthe control
pointstwo curvesor two patchesimplicitly de ning thecorrespon-
dencedetweerall pairsof semi-landmarksn the primative. The

orientationof curvesandthe orientationandrotationof patchess
shavn with arrans, sinceit is easyto gettheseswappedby placing
the control pointsin differentorderson the two surfaces),andthe
usercanre-orienta patchor curve to correcta mismatchwithout
having to move the points.

Bookstein[5] introduceda methodfor optimizing the positionsof
semi-landmark®en a curve or surface,minimizing the bendingen-
emgy of theinducedTPSwarps.We have implementedhis method,
andit seemdgo have minimal effect on our semi-landmarksyhich
aregenerallywell-spacedo begin with.

We have alsoimplementech methodthattransferdandmarkprim-

itives from one surfaceto anothersemi-automatically The user
placesat leastfour landmarksto producea crudewarp, which is

thenusedto transfertherestof thelandmarksthe userthenhasto

adjusttheir positions but justtransferringthe overall con guration

greatlysimpli es the experienceandreduceserrors. We canalso
export the landmarkpoints, which allows existing morphometric
packageso usethem.

Figure 4: A full set of 853 landmarks placed on one of the scanned
crania. These were created using 45 are single points, 32 curvesand
9 surface patches.

Usingthis interface,it is easyto createlarge setsof correctlycor
respondingandmarkandsemi-landmarkpoints(Figure4). While
placing thesewas indeedtedious(it took our novice usersabout
threehoursperskull), it would have beencompletelyinfeasibleus-
ing previousmethods

The landmarkeditoris currentlybeingusedby the primatologists
onourteamfor aseparateesearclprojectinvestigatingcongruence
betweenjoint surfacesin the primateskeleton,in which a grid of
pointsare placedon the opposingjoint surfaces.Landmarkshave
beencollectedonlasemrangescansurfacesof over80 primatelower
limb-bonespecimensandresultsarebeinganalyzed The software
is greatlyfacilitatingan otherwiselengthy andcomple process.

2.2 Weights

Eachinternal point of the tree corresponddo a setof consensus
landmark points, which is a weighted averageof the landmark
points at the leaves. The weightsare determinedusing a princi-
ple known in evolutionary biology as squaed-thange parsimony
theintegral of thesquareadhangeof avariablev (in thiscaseasin-
gle landmarkpoint coordinate)over the treeis minimized, within



theconstraintsmposedy thevaluesof v attheleaves. This princi-
ple is sometimesisedto estimatethe structureof the evolutionary
treefrom the valuesat the leaves[26]. Hereinsteadwe have the
much easierproblemin which the structureof the tree, including
the lengthsof the branchesis x ed, andwe just wantto compute
thevaluesof thevariablesatinternalpointsin thetree.

A generalizedeast-squarenethodfor this problemwasintroduced
by MatrinsandHanser{14]. A covariancematrix for the valuesof
v at the nodesis derived from the structureof the treeandusedto
weighta least-squared of the valuesat the internalnodesto the
actualleaf data. Thevaluev,, of v attherootis assumedo change
randomlyasit evolvesthroughthe tree. The value of v at some
pointin thetreeis assumedo follow a Gaussiardistribution, with
mearnv, andandvarianceproportionato thedistancefrom theroot
(this is the Brownianmotionmodel of evolution). The covariance
for two pointsx andy in thetreeis proportionako thedistancerom
therootto theirleast-commomncestoflca); we assumehevalues
of v changedndependentlyon the two separatgathsfrom thelca
to x andy.

This methodis discussedn Rohlf [20]; his Equations16 and 17
give the weightsfound by the least-squares asclosed-formfor-
mulas.We usethemto assignfor a giveninternalnodein thetree,
asetof weightsw!;:::;wN for eachof theN input surfaces Along
eachtreeedge we linearly interpolatetheweightsof theendpoints.

2.3 Alignment and Target Con guration

GivenN setsof homologoudandmarkpointsL';1 i N anda

setof weightsw!;:::;wN, the next stepis GeneralizedProcrustes
Alignment (GFA) [9]. Thisis aniterative procedurehat simulta-

neouslydetermineshe positionsof the landmarkson the output

surfaceandalignsthe input landmarksetsto this targetcon gura-

tion.

We begin by scalingeachinput setof landmarkpointssothatthe
sumof thesquarediistancedetweerall of thepointsandthecenter
of gravity isone.Thus,if g’ = &f- ;L =K isthecenterof gravity

for point seti andthe sumfor eachsetis d' = 4K kL, g'k?

thenthe scalingfactorfor eachpoint setrelative to the rst is s' =
d'=d%;1 i N. Thescalevariationcanbere-introducednto the
visualizationattheend,aswasdoneto maketheimagesn Figure2.

We pick one of the input con gurationsof landmarkpoints, arbi-

trarily, asthe rst iterationof thetargetcon guration. Thenin each
iteration, we align all of the input landmarksetsto the proposed
targetcon guration. We useHorn's algorithm[11], which givesan

ef cient andclosedform solutionto the problemof nding thero-

tationandtranslationof aninput landmarksetminimizing the sum

of squaredlistancedbetweereachlandmarkpointandthehomolo-

gouspointin thetargetcon guration. After aligningall inputland-

mark sets,we computethe new target con guration by taking the

weightedaverageof all of thehomologousopiesof eachlandmark
point. We terminatetheiterative processvhenthetarmgetcon gura-

tion is “stable”’ Fewerthanteniterationsaretypically needed.

2.4 Warp

Thenext stepis to warpall surlacemodelsinto thetargetcon gu-
rationspaceusingthethin-platespline(TPS).The TPSwarpis de-
ned usinganinputsetof landmarksandthetargetsetof consensus
landmarkpoints,andit bringstheinputlandmarksnto coincidence
with thetargetset. Takingthe surfacemeshthroughthe sametrans-
formationwarpsthe surfaceinto the target space. Warpingall N

surfacesinto this target spaceresultsin all surfacesbeingcloseto
oneanother

Cornveniently it is possibleto get a closed-formsolutionfor the
TPSwarp, sinceit canbe expressecas a weightedsum of radial
basisfunctionscenteredat the landmarkpoints. The weightsare
determinedoy solving a linear systemwhich we do in a straight-
forwardmanner

2.5 Merging

The nal stepis memging the N surfaces which after the warp lie
very closetogether This memgeinterpolateghe surfacedetails.

We initially implementedthe methodof [7], computinga signed
distanceeld aroundeachsurface,computingthe weightedaver

ageof thosedistanceelds, andextractingthezeroset. This works
well in mostregions, but introducedholesin regionswhereboth
sidesof a thin sheet-lile region of the objectare capturedin the
input scans. If thesethin sheetsare not perfectly alignedby the
warp, holesappearin the outputsurface,even at arbitrarily high

resolution(Figure6). This occursbecausevenin the continuous
casethereareregionswherethe averagedunctionis positive over

thewhole neighborhooaf theinput surfacesanddoesnot achieve

zeros.Thesgandotherartifactsneartheboundaries)ed usto con-
sider an alternatve approach basedon linearly interpolatingthe
squareddistancefunction ratherthanthe signeddistancefunction

of the surface. Our new methodis alsosomevhatlesssensitie to

discretizatiorartifacts.

The squaredlistancefunctiond'(x;y; 2) associatedvith oneinput
surfaceM' is zeroat pointsof M' and positive elsavhere,andits
gradientat pointsof M' is the zerovector; M' lies at the bottom
of the two-dimensional'valley” in the three-dimensionaunction
d'. Theweightedaverageof thed', d(x;y;2 = A wd', is similar
to a squareddistancefunction, in thatthereis still a distincttwo-
dimensionat'valley” in the function. The pointsat the bottom of
this valley have smallbut not zerovaluesof d, andthe gradientis
exactly zeroonly at a setof discreteminimum points. We extract
thesurfacetracingout the bottomof this valley. Noticethatevenat
pointswherethe averagedlistancdunctionfails to achiere a zero,
theaveragedsquaredistancefunctionstill hasavalley.

Figure 5: Averaging multiple squared distance functions producesa
function that is similar to a squared distance function, but generally
not zeroanywhere. In one dimension, the squared distance function is
a parabola in two-space,and the averageof severalis also a parabola.
In higher dimensionsthe situation is similar, although complicated by
the fact that the input surface normals do not match exactly. Taking
a directional derivative in a direction v, roughly perpendicular to the
desired surface, produces a signed function, with its zeros de ning

the bottom of the parabolic \valley."

To extract a surfacefrom a two-dimensionaballey in a trivariate
function we use an extremal surfaceconstruction. Extremalsur
faceswere introducedfor extracting surfacesfrom noisy tensor
elds [17], andthey have beenusedrecentlyfor de ning surfaces
from point clouds[3]. We considerthe directionalderivative of d



in adirectionv roughly perpendiculato the valley. Oncewe have
anappropriatevector eld v, thedirectionalderiative

_7d_Nd v

v 2

is a signedfunction, whosezerosetis taken asthe desiredoutput
surface (Figure 5). Sincethe function g is locally nearly linear,
extractingtheoutputsurfaceusingmarchingcubeq13] workswell
andproducesmoothsurfacedreeof “jaggy” artifacts,exceptagain
in regionswheretheinputformedthin sheetgFigure6).

@)

Signed Unsigned

Figure 6: Comparison of signed distance eld blending, on the left,
and our novel unsigned blending procedure on the right. In the rst
row, we use a high resolution voxel grid of 300 192 147. The
signed distance eld producesa merged surface with a hole behind
the eye socket, where two oppositely-oriented surface are close to
each other, eventhough none of the input surfaceshad a hole. Our
method of averaging the squared distance functions produces the
correct topology, although there is still some discretization noise in
the dicult region. At lower resolution (in the secondrow, 150
96 73), our method is lesssensitiveto discretization artifacts.

To nd avector eld v roughlyperpendiculato the valley, we use
the directionsperpendiculato the input surfaces.Speci cally, we
averagethe unorientedgradientdirectionsNd'of all of the input
squaredlistanceelds d'; by unorientedve meanthedirectionsof
the lines supportingthe vectors,so that the vectorsv and v are
consideredo be the same. Evenin thedif cult regionsin which
the objectsform thin sheetsthe unorientedyradientdirectionsare
roughly consistentvith eachother(while the orientedgradientdi-
rectionscan point in oppositedirections),so the averagedunori-
entedvector eld is smoothnearthesurface.

We thenpropagte a consistenprientationthroughv. Again, this
hasto bedonecarefullyin thedif cult regionsin whichtheobjects
formthin sheetsWe detecthedif cult regionswhile extractingthe
distancefunction, aswe describeén a moment.With this informa-
tion, we canpropagtetheorientationof v rst in theeasieregions
andthenin themoredif cult ones.

We computethe squaredlistancefunctiond, for eachsurfaceona
voxel grid usingthe closestpoint transform(CPT) codedistributed
by Mauch [16], which implementshis robust computational-
geometry-basethethod[15]. This code nds for eachvoxel x the
nearesfoot-pointon the polyhedralinput surface; a foot-point is

a surfacepoint p suchthata spherecenteredat x is tangentto the
surfaceatp. Thenearesfoot-pointis alsothe closessurfacepoint.
We modi ed the codeto nd not only the closestfoot-point but
alsothe second-closegbot-pointaswell. Whenthe objectforms
athin sheetor ata sharpcorner the second-closegbot-pointis at
nearlythe samedistanceasthe closest.We usethe differencebe-
tweenthe distanceo the closestandthe second-closegbot-points
asameasuref thedif culty of orientingv. For ef ciency, we also
modi ed the CPT codeto only computethe squaredistanceeld
aroundeachinputsurfacemeshM' to within asmalldistancea (we
usel=10thelargestdimensiorof themodel). We usethe CPT code
to nd thetrivariatesquareddistancefunctiond' for eachM' and
alsothe exact gradientNd' of the squareddistance.Note thatthe
gradientis the sameasthe unsignediistanceunctiontimestwo. A
weightedaverageof all d' functionsproduces singlescalartrivari-
atefunctiond, and,becausef thelinearity of the derivative opera-
tor, averagingthe Nd' functionsproducests exactgradientNd.

Coloris alsoaveraged Eachtrianglein theinput meshis assigned
the averagecolor of its threevertices(we could have interpolated
thevertex colorsacrosshetrianglebut the differencesarenegligi-
ble atthe grid resolutionwe areusing). Every voxel closestto this
triangleinheritsthistrianglecolor. Thecolorsatthevoxelsarethen
averagedalongwith the distancdunctions.After the surfaceis ex-
tractedcoloris assignedo eachsurfacevertex by interpolatingthe
surroundingvoxel colors.

Theresultingsurfacesstill have someextraneougarts. Oneissue
is thatg = 0 atridgesof d aswell asatvalleys, thatis, nearthethe
medialaxis of the desiredsurfaceaswell asthe surfaceitself. We
handlethis simply by taking the single largestconnecteccompo-
nentof theoutputsurface;thisremovesthemedialaxiscomponents
andalsosomesmall noiseartifacts. We alsodeleteary partof the
surfacewherejgj is not nearly zero (zero crossingsat transitions
betweenarge positive andlarge negative valuesof g). Theseoccur
nearboundaries.

Finally, at voxels wherev is hardto de ne becausehe averaged
gradientsat the verticespoint in very differentdirections,we do
not computeg directly. Insteadwe computeg for the surrounding
voxels andtheninterpolatethe values,by averaging,to the empty
voxels. Note thatthis hole- lling would not be possiblewithout a
consistenorientationfor v andhencea consistensignfor g.

3 RESULTS

Figure2 illustratesour results. The mainpointis thatthe synthetic
skulls,createdy averagingtheinputmeshesarevirtually indistin-
guishablefrom the original models. A video, includingananima-
tion of the tree-morphand someexamplesof interactionwith the
landmarkeditor, accompaniethis paper

The input surfacemeshesvariedin size, from 797K to 433K tri-

angles,exceptfor the Papio model, for which only a 75K trian-

gle meshwasavailable. Computingthetrivariatedistancefunction
from theinput meshis the mostexpensve partof the computation,
andthis is roughly linear in the size of the input mesh. For the
animation,we simpli ed all of the mesheglown to about75K tri-

anglessincemoredetailwould notberesolhedatvideoresolution.
Note that the trivariate distancefunction hasto be computedfor

eachframe,sincethewarpfor eachframeis different. We usedthe
full resolutioninputmeshedor the gures.

We did our processingn four Intel 3.2GHZ Hyperthreadedvork-
stationseachwith 2GB of memory Thedistanceeld for thehigh-
resolutionmeshess computedn about500secondgermodelon
avoxel grid of size300 192 147. Otherprocessingincluding



the GPA, the TPSwarp,andtheextractionof theextremalsurfaces,
requiredaboutan hour altogetherandwas minor comparedo the
time requiredto generate¢hedistancefunctions.

4 DISCUSSION AND FUTURE RESEARCH

This applicationraisesa numberof researctguestionghatwe are
interestedn pursuing. With respecto primateevolution, we plan

to comparethe averageancestrabhapepredictedby the statistical
modelandillustratedin this visualizationwith the shape®f knovn

fossils,bothvisually andstatistically Integrationof fossil evidence
with atreessuchasours,whosestructures inferredfrom genomic
sequenceataonexisting specieshasto bebasednmorphological
features.Visualizationssuchasthesehelp paleontologistslevelop
intuition aboutmorphologicathangeandencouragéhemto accept
or reevaluatestatisticalmodels.

Generatindandmarksautomaticallyin away thatuserswvould nd
sufciently accurateand biologically meaningfulis an important
areafor futureresearchAs moredatabecomesvailable,theneed
for automationbecomesmore pressing.For instance it would be
very helpful to be ableto attractlandmarkpoints onto signi cant
geometricfeatures especiallyridges. More ambitiously it would
beusefulto beableto developreliablesurfacecorrespondencass-
ing only asmallnumberof landmarksandhencetransfedarge sets
of landmarksalmostautomatically Therehasbeensomework on
this problemin the graphicscommunity [21] andextendingthese
techniguedo handleinputsthatarenot closedmanifoldswould be
helpful.

Finally now thatwe have a methodfor producingintermediatesur
faces,we canuseit to constructa basemeshto usein a system
suchasthatof [2], which might producemoreattractive or more
ef cient warps.
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